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In general, a quantum battery unavoidably interacts with its surroundings. Here, we study memory effects on
energy and ergotropy of a quantum battery in the framework of open system dynamics, where the battery and
charger are individually allowed to access a bosonic environment. Our investigation shows that the battery can
be fully charged and all the energy stored in the battery can be extracted in the presence of non-Markovian dy-
namics, in addition, its energy can be preserved for long times compared with Markovian dynamics. Our results
indicate that memory effects can play a significant role in improving the performance of quantum batteries.
PACS numbers: 03.65.Yz, 42.50.Lc, 03.65.Ud, 05.30.Rt
I. INTRODUCTION
Quantum systems are open systems where they inevitably
interact with their surroundings. Open system dynamics can
be characterized by either Markovian or non-Markovian ap-
proach [1, 2]. Quantum batteries (QBs) are quantum systems
that are capable to store energy, making it useable for later
goals. The role of quantum effects on the problem of energy
storage has been extensively studied in last years [3–11].
In fact, well known examples of classical batteries are elec-
trochemical devices converting chemical energy to electrical
one. They can be disposable or rechargeable using electricity
and so on. Therefore, batteries are very comfortable for their
multiple use, and their presence in everyday life has trans-
formed them to essential elements. On the other hand, studies
over the past few decades show that many modern-day tech-
nologies are based on the principles of quantum mechanics
[12–15], are much more efficient than their classical ones,
so, the battery also needs to be miniaturized. In recent years,
the study of QBs have attracted much more attention (There
is worldwide interest in exploiting QBs) as small quantum
systems used for temporary energy storage and transferring it
from production centers to consumption centers [3].
As mentioned above, the research on QBs and the investi-
gation of the stability of stored energy in the battery are very
important; in addition, how to charge the battery in order to
use QBs in different areas of technology should be strongly
considered.
In most research onQBs, they are considered as closed sys-
tems that do not interact with their environments. Whenever
technologies are used in the microscopic domain, the open-
ness of the QBs must be regarded in any reasonable physical
description. Recently, in a new approach, the QB charging
process has been viewed from an open system approach [9].
In the light of this approach and given that the interaction of
realQBs with the outside world is unavoidable, this is worth-
while investigating the effects of quantum memory in the pro-
cess of chargingQBs and the work can be extracted from the
battery alone.
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In this paper, we study the role of dissipation on the en-
ergy, ergotropy and discharge time of the battery. For this
purpose, we consider a battery, B, which is connected to a
charger, A, [8, 10], each of which interacts separately with
its environment. The battery and the charger are both com-
posed of a two-level or qubit. We accurately obtain the one
excition time evolution of the total system and then examine
the efficiency of our proposed mechanism on how to charge
the battery and amount of work can be extracted from it for
both Markovian and non-Markovian dynamics. Specifically,
we study the different ways in which the dissipation environ-
ment and coupling with the charger contribute to the process.
Here, we find, in the underdamped regime, the non-Markovian
dynamics plays a significant role in increasing the stored en-
ergy and the extractable work from the battery. Further, we
especially illustrate the maximum stored energy can be pre-
served for long times in the presence of memory effects unlike
Markovian dynamics. Moreover, we demonstrate the charg-
ing and discharging process are highly dependent on physical
parameters such as the coupling constant between the battery
and the charger and the decay rates of the environments.
It is important to say that since our proposedmodel is phys-
ically very close to reality and the preparation of its laboratory
settings is not so complicated, the results obtained here can be
very influential for future researchs.
The paper is organized as follows. In Sec. II a review of
the QBs is provided. We represent our model and how we
can obtain the time evolution of the system is explained in
Sec. III. We focus on the resultes for Markovian and non-
Markovian dynamics in Sec. IV. In order to investigate the
stability of stored energy in the battery, we consider discharge
time for two types dynamics in Sec. V. The paper concludes
in Sec. VI.
II. QUANTUM BATTERIES
In this section, we briefly introduceQBs. A QB is a phys-
ical quantum system that stores energy. Each quantum system
with distinct energy eigenstatets can therefore be considered
as a quantum battery for sustainable practical purposes. The
energy can be stored at energy levels and coherence. Such en-
ergy storage always depend on the time-independent reference
2HamiltonianH where Hilbert space of the battery is assumed
to be finite. The useful energy can be extracted from a QB
in state ρ is equal to the difference between the system’s in-
ternal energy Eρ = tr(ρH) of state ρ and the energy of the
energetically lowest, accessible state σρ, which is passive by
definition. In other words, the stored energy is defined as
Wρ = tr(ρH)− tr(σρH). (1)
Therefore, it equals to the ergotropy introduced in [16, 17].
Passive states are defined as those states from which no
work can be extracted in a cyclic unitary process [16]. Con-
sider a reference Hamiltonian H and a given state ρ, where
are written in their respective eigenbasis (increasing for H ,
decreasing for ρ)
H =
∑
j
εj|εj〉〈εj |, εj+1 > εj ∀ j,
ρ =
∑
j
rj |rj〉〈rj |, rj+1 6 rj ∀ j. (2)
The state ρ is passive with respect to H if and only if
1. ρ andH are diagonal in the same basis
[ρ,H ] = 0, (3)
2. ρ contains no population inversion, i.e.,
εi < εj ⇒ ri > rj . (4)
We have denoted passive states by σρ, thus it takes the follow-
ing form
σρ =
∑
j
rj |εj〉〈εj |. (5)
Note that no work can be extracted from a passive state,
hence systems with passive quantum states are regarded as
empty battery. Any state that is not passive will be called ac-
tive [4]. Charging a QB is to change its state from an ini-
tial state ρ to a more energetic state and, conversely, using
the battery will take it to a lower energy state. Here, charg-
ing (discharging) processes are not necessarily unitary and the
quantum system may interact with its surrounding. Also, the
ratio between the extractable work and the energy value of the
battery can be written as
Rρ =
Wρ
Eρ
, (6)
in addition, its instantaneous charging power is defined by
p(t) =
dWρ
dt
. (7)
In fact, how fast can a battery charged (or discharged), it de-
pends on its power.
In the next section, we introduce the open quantum battery
where the QB access to a dissipative environmen.
FIG. 1: Schematic diagrams of an open QB . A quantum battery
B interacts with an auxiliary system (charger) A during the charging
process, while each one is coupled individually into an environment.
In addition, one can apply an external magnetic field to charger A.
III. MODEL
Here, we consider a model consisting of four components:
two two-level systems (two qubits) interacting with each other
at given time interval, such that one is considered as a quan-
tum battery B and another as charger A, and each qubit is
locally contacted with an amplitude damping reservoirE (see
Fig.1). So, the total Hamiltonian is given by
H = H0 +Hint, (8)
where
H0 =
ωA
2
(σAz +I)+
ω0
2
(σBz +I)+
∑
k
ωAk a
†
kak+
∑
k
ωBk b
†
kbk,
(9)
in which two first terms indicate the free Hamiltonians of
the charger and the QB as well as two last terms show the
free Hamiltonians of independent environments coupled to
the charger and the battery, respectively. The transition fre-
quency of the battery is indicated by ω0 and it is equal to
ωA = ω0 + δ for the charger, this difference is due to an
external and controlled magnetic field applied to the charger.
Let σjz(j = A,B) denotes the Pauli operator in z direction
of the systems A and B, respectively. Also, ω
j
k(j = A,B)
is the frequency of the kth mode of the environmenA and B,
respectively, a
†
k and b
†
k (ak, bk) are the creation (annihilation)
operators corresponding to the kth mode of the environments.
The interaction Hamiltonian is defined as
Hint = κ(σ
A
+σ
B
− + σ
A
−σ
B
+ ) +
∑
k
(σA+g
A
k ak + σ
A
−g
∗A
k a
†
k)
+
∑
k
(σB+g
B
k bk + σ
B
−g
∗B
k b
†
k), (10)
where the first term describes the interaction between the two
qubits with the coupling constant κ, and two last summations
show the coupling between the charger and the battery to their
environmets, that g
j
k(j = A,B) is the coupling constant be-
tween the jth qubit and the kth mode of its corresponding
environment. Here, σ
j
± =
1
2 (σ
j
x ± σ
j
y) are the raising and
lowering Pauli operators of the jth qubit.
3In this work, we exactly obtain the one excitation time evo-
lution of the total system. For this purpose, we work in the
interaction picture defined by
HIint(t) = e
iH0t Hint e
−iH0t, (11)
in which the Hamiltonian takes the following form:
HIint(t) = H
I
AB +H
I
1 , (12)
where
HIAB = κ(σ
A
+σ
B
−e
iδt + σA−σ
B
+e
−iδt), (13)
and
HI1 =
∑
k
(σA+g
A
k ake
i(ωA−ω
A
k
)t + σA−g
∗A
k a
†
ke
−i(ωA−ω
A
k
)t)
+
∑
k
(σB+g
B
k bke
i(ω0−ω
B
k
)t + σB−g
∗B
k b
†
ke
−i(ω0−ω
B
k
)t).
(14)
In the following, it is simple to investigate the number opera-
tor
N =
∑
j=A,B
(σj+σ
j
− +
∑
k
a
j†
k a
j
k +
∑
k
b
j†
k b
j
k), (15)
is a constant of motion i.e; [H,N ] = 0. At this point, let us
consider the exact solution of the time-dependent Schrodinger
equation, confining ourselves to the one-excitation subspace.
First, assume the two qubits are in a linear combination of
states with one excitation at t = 0 and environments in vac-
uum state, which is determined by |0jk〉. Thus, the initial state
is
|ψ(0)〉 = [µ(0)|e〉|g〉+ ν(0)|g〉|e〉]⊗ |0Ak 〉|0
B
k 〉, (16)
where |µ(0)|2 + |ν(0)|2 = 1, also, |g〉 and |e〉 are the ground
and excited state of qubits, respectively. Hence, its time evo-
lution will be
|ψ(t)〉 = [µ(t)|e〉|g〉+ ν(t)|g〉|e〉]⊗ |0Ak , 0
B
k 〉+ |g〉|g〉 ⊗
(
∑
k
η
A
k (t)|1
A
k 〉|0
B
k 〉+
∑
k
η
B
k (t)|0
A
k 〉|1
B
k 〉), (17)
where |1jk〉 characterize a state of the corresponding environment
with one excitation in the kth mode. After some calculations, one
can find the following differential equations for the probability coef-
ficients µ(t), ν(t) and ηjk(t):
µ˙(t) = −i(κeiδtν(t) +
∑
k
η
A
k (t)g
A
k e
i(ωA−ω
A
k
)t),
ν˙(t) = −i(κeiδtµ(t) +
∑
k
η
B
k (t)g
B
k e
i(ω0−ω
B
k
)t),
η˙
A
k (t) = −i µ(t)g
A∗
k e
−i(ωA−ω
A
k
)t
,
η˙
B
k (t) = −i ν(t)g
B∗
k e
−i(ω0−ω
B
k
)t
. (18)
Using two last differential equations in Eq. (18) and initial condi-
tions ηAk (0) = η
B
k (0) = 0, the probability coefficients η
j
k(t) can be
written as
η
A
k (t) = −i g
A∗
k
∫ t
0
µ(t′)e−i(ωA−ω
A
k
)t′
dt
′
, (19)
η
B
k (t) = −i g
B∗
k
∫ t
0
ν(t′)e−i(ω0−ω
B
k
)t′
dt
′
. (20)
By applying above equations, the differential equations for µ(t) and
ν(t) can be obtained as
µ˙(t) = −iκeiδtν(t)−
∫ t
0
kA(t− t
′)µ(t′)dt′,
ν˙(t) = −iκeiδtµ(t)−
∫ t
0
kB(t− t
′)ν(t′)dt′, (21)
where the kernels kA(t− t
′) and kB(t− t
′) are given by
kA(t− t
′) =
∑
k
|gAk |
2
e
i(ωA−ω
A
k
)(t−t′)
,
kB(t− t
′) =
∑
k
|gBk |
2
e
i(ω0−ω
B
k
)(t−t′)
. (22)
For simplicity, we assume kA(t− t
′) = kB(t− t
′) = k(t − t′). In
continuum limit, the correlation function k(t − t′) can be expressed
as
k(t− t′) =
∫ ∞
0
dωJ(ω)ei(ω0−ω)(t−t
′)
, (23)
where J(ω) is the spectral density of the environments. For the
model considered in our study, it is taken as
J(ω) =
γ λ2
2pi[(ω0 − ω −∆)2 + λ2]
, (24)
where γ is coupling constant which is connected to the relaxation
time of the qubit τR ≈ γ
−1 and λ is the width of the Lorentzian
spectrum that is linked to the environment correlation time τB ≈
λ−1 and ∆ is the detuning of ω0 and the central frequency of the
environment. Therefore, one can obtain the correlation function as
k(t− t′) = 1
2
γλe(−λ+i∆)|t−t
′| [18].
At this step, let us define
z(t) = µ(t) + ν(t),
w(t) = µ(t)− ν(t). (25)
Then, by regarding Eq. (21), one can write the following equations
z˙(t) = −iκeiδtz(t)−
∫ t
0
k(t− t′)z(t′)dt′,
w˙(t) = −iκeiδtw(t)−
∫ t
0
k(t− t′)w(t′)dt′. (26)
Applying the Laplace transform, the above equations becomes
sz˜(s)− z(0) = −iκ z˜(s− iδ) − k˜(s)z˜(s),
sw˜(s)− w(0) = iκ w˜(s− iδ)− k˜(s)w˜(s). (27)
in which z˜(s), w˜(s) and k˜(s) are the Laplace transforms of z(t),
w(t) and k(t− t′), respectively. Finally, after some calculations, we
can find (see Apendix A)
µ˜(s) =
[s− iδ + k˜(s− iδ)]µ(0) − iκν(0)
[s + k˜(s))(s− iδ + k˜(s− iδ)] + κ2
, (28)
ν˜(s) =
[s− iδ + k˜(s− iδ)]ν(0) − iκµ(0)
[s+ k˜(s)][s− iδ + k˜(s− iδ)] + κ2
. (29)
Now, using inverseLaplace transform µ˜(s) and ν˜(s) in Eqs. (28) and
(29), it is easy to obtain µ(t) and ν(t).
4IV. RESULTS
According to Eq. (17), two-qubit system state ρAB at a generic
time instanse t can be written as
ρAB(t) =


0 0 0 0
0 |µ(t)|2 µ(t)ν∗(t) 0
0 ν(t)µ∗(t) |ν(t)|2 0
0 0 0
∑
k(|η
A
k (t)|
2 + |ηBk (t)|
2)

 .
(30)
It is straightforward to calculate internal energy of the battery
EB(t) = ω0|ν(t)|
2
, (31)
and the ergotropy in Eq. (1) can be evaluated as
WB(t) =
ω0
2
[2|ν(t)|2 − 1 + |2|ν(t)|2 − 1|]. (32)
It is clear from Eqs. (31) and (32) that the energy EB(t) and er-
gotropyWB(t) of battery, for initial total state Eq. (16), depend on
only the probability amplitude ν(t).
At this point, we assume at t = 0 the battery is empty, i.e, its
state is |g〉 and the charger is in excited state, |e〉, so the initial state
in Eq. (16) is |ψ(0)〉 = |e〉|g〉 ⊗ |0Ak 〉|0
B
k 〉. We analyze our results
in two Markovin and non-Markovian dynamics. In order to distin-
guish the strong coupling regime from the weak coupling regime, we
can define the dimensionless positive parameter R = γ
λ
. It has been
demonstrated that for R≪ 1 the dynamics is divisible (Markovian),
while for R ≫ 1 it becomes non-divisible (non-Markovian). More-
over, the ratio between γ and κ plays an important role in the energy
transfer. Hence, we display two distinct regimes: an underdamped
regime occurring for κ≫ γ, and an overdamped regime for κ≪ γ.
A. Markovian dynamics
Dynamical behaviors of the local energy EB(t) (dashed line) and
the ergotropy WB(t) (solid line) of the battery are plotted in Fig.2
(a) and (b) as a function of ω0t for the overdamped regime and the
underdamped regime, respectively, where we have used Markovian
dynamics (R = 0.01) for environments.
In Fig. 2, we have κ = 0.1ω0 for the red lines and κ = 0.4ω0 for
the blue lines where the other parameters are∆ = 0 and δ = 0.2ω0.
Also, we have concisdered γ = ω0 and λ = 100ω0 in Fig. 2(a),
γ = 0.05ω0 and λ = 5ω0 in Fig. 2(b).
Looking at Fig. 2, we clearly see that whereas we can not extract
work from the battery in case of the overdamped regime, ergotropy
is not zero for a finite time interval in the underdapmed regime. In
other words, in the underdamped regime and Markovian evolution,
by increasing the coupling constant between the charger and the bat-
tery, κ, we can extract work from the battery.
As one can see, the amount of the battery energy in Fig. 2(b) is
largger than in Fig. 2(a), since the coupling between the battey and
charger is stronger than the coupling bwetween the battery and its
Markovian environment, and for this reason we observe the damping
fluctuations of the enegy.
These results indicate that in the Markovian dynamics, significant
work can not extracte from the battery.
B. Non-Markovian dynamics
This subsection deals with the dynamics of energy and ergotropy
of the battery in which non-Markovian reservoirs,(R = 10), are con-
FIG. 2: (Color online). The energy EB(t) (dashed line) and er-
gotropy WB(t) (solid line) of the battery (both in units of ω0) as
a function of ω0t for local Markovian dynamics (R = 0.01)). (a) we
have overdamped regime where κ = 0.1ω0 for the red dashed line
and κ = 0.4ω0 for the blue dashed line and the other parameters are
∆ = 0, γ = ω0, λ = 100ω0 and δ = 0.2ω0; (b) Underdamped
regime, we choose γ = 0.05ω0, λ = 5ω0 and the other parameters
are the same as in (a).
sidered. We present plots of time evolution of EB(t) (dashed line)
andWB(t) (solid line) (both in units of ω0) as a function of ω0t in
Fig.3.
In Fig. 3(a), we have the overdamped regime while Fig. 3(b) shows
the underdamped regime. In the figure, the blue lines display the case
where κ = 0.4ω0 and the red lines indicate the case of κ = 0.1ω0. In
addition, let us take γ = ω0 and λ = 0.1ω0 in Fig. 3(a), γ = 0.05ω0
and λ = 5ω0 in Fig. 3(b), also we consider ∆ = 0 and δ = 0.2ω0
as Fig. 2.
Fig. 3(a) illustrates that the work can be extracted form the bat-
tery in overdamped regime compared with the Fig. 2(a), and also the
amount of stored battery energy is larger.
In the underdamped regime, Fig. 3(b), the amount of the stored
enengy and the extractable work are increased compared with Fig.
3(a) and Fig. 2(b). Also as can be seen, there are periodic behaviors
that this is useful for operational and practical tasks.
In following, the ratio between EB(t) andWB(t), i.e., RB(t) of
the battery, for underdamped regime (κ = 0.9ω0), are plotted in Fig.
4; in which we have local Markovian dynamics (R = 0.01) in Fig.
4(a) and local non-Markovian dynamics (R = 10) in Fig. 4(b); other
parameters are the same as in Fig. 2. As can be seen, the battery
is fully charghed in the non-Markovian dynamics and all the stored
energy can be extracted form it, in addition, this behavior is periodic
unlike Markovian dynamics where the ratio becomes zero after some
oscillation.
5FIG. 3: (Color online). The energy EB(t) (dashed line) and er-
gotropy WB(t) (solid line) of the battery (both in units of ω0) as
a function of ω0t for local Non-Markovian dynamics (R = 10). (a)
Overdamped regime we have γ = ω0 and λ = 0.1ω0; (b) Under-
damped regime, we have γ = 0.05ω0, λ = 0.005ω0 . The other
parameters are the same as in Fig. 2.
C. discharge time
Here, we suppose that the charger is removed after the battery is
fully charged and we investigate the time the battery loses its energy
due to the interaction with its environment. For this aim, we assume
the system is under the conditions as Fig. 4(b) and the battery is fully
charged at time τ , i.e., µ(τ ) = 1, then according to Eq. 17, the total
state at time τ will be
|ψ(τ )〉 = |e〉|g〉 ⊗ |0Ak 〉|0
B
k 〉. (33)
Supposing the charger is instantly removed and the battery interacts
only with its environment.
For simplicity, we consider τ = 0 in Eq. 33, and we obtain the
time which the energy of the battery is wasted because of the dissi-
pation. We display the energy dynamics of the battery in the absence
of the charger in Fig. 5. Dashed red line presents Markovin dynam-
ics R = 0.01 and Dotted blue and dotted-dashed black lines show
non-Markovian dynamics for R = 10 and R = 100, respectively;
in addition, we have considered ∆ = 0 . Also, the green solid line
indicates non-Markovian dynamics for R = 10 and ∆ = 10ω0.
Figure 5 demonstrates that the discharge time in the presence of non-
Markovian environment is larger than Markovian envorinment. In
addition, it illustrates the discharge time becomesmuch larger by in-
creasing the value of the non-Markovianity. Moreover, as can be seen
in inset, we see the energy of the battery will be preserved for long
times in the non-Markovian dynamics by using∆ = 10ω0.
As abstract, a battery can be fully charged and its energy can be
preserved in the presence of non-Markovian environment.
FIG. 4: The RB(t) of the battery as a function of ω0t for under-
damped regime κ = 0.9ω0. (a) local Markovian dynamics, (b) local
non-Markovian dynamics.
FIG. 5: The energy EB(t)of the battery in the absence of the charger
as a function of ω0t. Dotted blue and dotted-dashed black lines show
non-Markovian dynamics for R = 10 and R = 100, respectively,
and dashed red line indicates Markovin dynamics R = 0.01. The
green solid line shows non-Markovian dynamics for R = 10 and
∆ = 10ω0. Inset is plotted for long times.
V. CONCLUSION
This paper provided amodel for quantum batteries, inspired by the
inevitable interaction of quantum systems with its environment. In
the model considered, the quantum battery interacts with the charger,
while each of them is in contact with a dissipative environment. We
demonstrated that the energy of battery cannot be usefully extracted
in the Markovian dynamics, whereas the memory effects lead the
battery to be fully charged in non-Markovian dynamics and also all
6its energy can be extracted. In addition, we illustrated that the dis-
charge time of the battery in non-Markovian dynamics is longer than
the Markovian dynamics, and the stored energy can be preserved for
long times in the presence of non-Markovian dynamics. These re-
sults suggest that memory effects can play an important role in im-
proving the performance of quantum batteries in the framework of
open system approach.
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Appendix A: Derivation of Eqs. (28), (29) in Sec. III
To this end, we begin with first equation of (27) in the main text
sz˜(s)− z(0) = −iκ z˜(s− iδ) − k˜(s)z˜(s), (A1)
and replace s with s+ iδ, then we have
z˜(s+ iδ)[s+ iδ + k˜(s+ iδ)] = z(0)− iκ z˜(s), (A2)
now, exchange δ by −δ in Eq.(A2), the above equation takes the
following form
z˜(s− iδ) =
z(0)− iκ z˜(s)
[s − iδ + k˜(s− iδ)]
. (A3)
Substituting Eq.(A3) into (A1), we obtain
z˜(s) = z(0)(
1
s+ k˜(s) + κ
2
Q(s)
−
iκ
Q(s)[s+ k˜(s)] + κ2
), (A4)
whereQ(s) = s−iδ+ k˜(s−iδ). Similarly, starting from the second
equation in (27), one can get the following equation for w˜(s)
w˜(s) = w(0)(
1
s+ k˜(s) + κ
2
Q(s)
+
iκ
Q(s)[s+ k˜(s)] + κ2
). (A5)
On the other hand, by following definitions
µ˜(s) =
1
2
[z˜(s) + w˜(s)],
ν˜(s) =
1
2
[z˜(s)− w˜(s)], (A6)
and some straightforward calculations, they can be written as
µ˜(s) =
[s− iδ + k˜(s− iδ)]µ(0) − iκν(0)
[s + k˜(s))(s− iδ + k˜(s− iδ)] + κ2
, (A7)
ν˜(s) =
[s− iδ + k˜(s− iδ)]ν(0) − iκµ(0)
[s+ k˜(s)][s− iδ + k˜(s− iδ)] + κ2
. (A8)
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